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Abstract

Consider the Geo/Geo/1 queue with impatient customers antireflect the patience distribution. We show that systems
with a smaller patience distributiod in the convex-ordering sense give rise to fewer abandonments (due to impatience),
irrespective of whether customers become patient when entering the service facility.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction a customer becomes patient when entering the server
(that is, the system has a limited waiting time) and

The study of single-server queues with impatient Set up a Markov process using the virtual (offered)
customers has a long history. It seems Pf8inwas  Waiting time. Van Houdt et a[[10] developed an al-
the first to consider customer impatience. Bafgjr gorithm to compute the response time distribution in a
analyzed the M/M/1+D system, while a key refer- D-MAP/PH/1+D queue, by setting up a finite GI/M/1-
ence for the general GI/GI/1+Gl is Baccelli et al. type Markov chain, which was generalized [ibl]

[1]. In this work a stability condition was established by allowing the patience distribution to be general, as
for the general case, while for the M/GI/1+GI queue ©OPposed to deterministic. In these studies systems with
the virtual waiting time was studied. Markovian ar- both limited waiting and sojourntimeswere considered.
rivals were considered by Com[&, who studied the Bhattacharya and Ephremid{g] showed, for the
MAP/G/1+M queue and derived an expression for the G/GI/m+Gl queue, that the number of customers
transform of the virtual waiting time and the probabil- abandoning the system over any time interval de-

ity of abandonment. Most of these studies assume thatcreases stochastically when the patience distribu-
tion becomes stochastically larger (i.e., when the

* Corresponding author. Tel.: +3232653891: patience distributionX1 is replaced byX»> Wlth
fax: +3232653777. P[X2>x]>P[X1>x], for all x>0). Thus, as in-
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abandonments. An interesting open question thereforetems with limited waiting times, as opposed to limited
is: What can be said about the probability of aban- sojourn times, is proven in Section 4.
donment for different patience distributioiswith the

same mean, finite amount of patiemee- E[X]? Mak- 2. The Geo/Geo/1 queue with a limited sojourn time
ing use of the results by Brandt and Braffit Theo-
rem 3.1]or Boxma and de Wad#] it can be shown In this section, we consider a Geo/Geo/1 queue with

easily thatin a M/M/1+GI queue, where customers be- Plarrivall=uw, P[departure]=f and with impatient
come patient when entering the service facility, smaller customers. Customers are assumed to be impatient ir-
distributions (in the convex-ordering sense) give rise to respective of whether they are being served or not. Let
fewer abandonments. In both these papers an expresX represent the patience distribution of the customers
sion for the probability of abandonment is established and denoteP[X =k] asa; (X) andP[X < k] aspr(X).

via the steady-state probabilities of the virtual offered To simplify the notation, we shall write

waiting time. To the best of our knowledge this is the

only result of this type available in the literature. X (X) = (1 — pr(X))o,
In this paper we prove the discrete-time counterpart
of the M/M/1+Gl result mentioned above as well as , (x) =g+ @ (X) 1-p
the more difficult system where customers remain im- 1— pr-1(X)
patient after entering the service facility, that is, the _ap(X) + (1= pr(X)B
Geo/Geo/1+Gl queue with a limited waiting or so- o 1— proa(X) '
journ time. In the latter case customers are assumed
to be unaware of the required sojourn time upon ar- for k =0, ..., r. When there is no ambiguity as to

rival and may therefore receive partial service (and Which distribution X is meant, we will drop theX
waste some of the service capacity). An expression for to simplify the notation. Similarly, we will add an
the probability of abandonment is derived from the X (orY) to any other variable when there is a need
age process as opposed to the virtual offered waiting t0 clarify the patience distribution at hand. Notg,
time. Furthermore, we demonstrate that the number iS the arrival rate (probability) of customers whose
of abandonments in a single-server queue with impa- Patience is more thak, while y; is the probability
tient customers and geometric service times, i.e., the that a customer with agle leaves the server (due to
.IGeo/1+Gl queue, is higher for systems with a limited €ither impatience or a service completion) given that
sojourn time as opposed to a limited waiting time. ~ @n agek customer occupied the server. L&t be the
Let X be a general, discrete patience distribution on @ge of the customer in service just prior to time
the non-negative integers and assume without loss of Where A, is said to be zero if the system is idle. All
generality thatP[ X = 0] = 0. Further assume that for ~ €vents, such as service completions, arrivals, etc. are
eachX there exists some> 0 sufficiently large, such ~ @ssumed to occur immediately after timeimplying
that P[X > r] = 0, i.e., the maximum amount of pa- amongst others that the age of a customer in the service
tience that a customer can have is bounded above byfacility is at least one. As discussed belaw,,), o
some constant (note that we do not assume that a IS @ Markov chain, th&r + 1) x (» + 1) transition
singler exists for all distributions, but given a par- ~ Matrix of which is given by
ticular X such anr can be found). The results in this

paper can be generalized to include distributions for i 21 b(l’ 01 8 8 8 ]
which such arr does not exist R[X = oo] = 0 for 2 4 40

such distributions as = E[_X] is finite, implyin_g that b3 a% a% a% 0 0
the Geo/Geo/1+X queue is staljif). In Sections 2 3 3 3

and 3 we show that the smaller distributions (in the P=| b4 as az az 0 0
convex-ordering sense) induce a lower probability of . - :
abandonment in a Geo/Geo/1+Gl system with a lim- 1 1 1 1 1
i i e i b al al a ay ag
ited sojourn and waiting time, respectively. The lower ' r-1 42 %-3 1 0
number of abandonments achieved/@eo/1+Gl sys- Lbrr ap ap g a4 az a; -
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with
bo = xo,
b1 =1- xo,

1
biv1=yi H(l—xz'—k), for 1<i<r,
k=1
ab=1—y;, for 1<i <r,
I
aj 1= YyiXi—1-1 ]_[ (1 — xi—x),
k=1
forO<i<r and 0<I <.

(1)

Throughout the paper we assume ttﬁt,i:i Lo)=1
fori > j. The expressions fdrn, b1 andaé follow in a
straightforward manner from the definitionsxafand

vi¢. Denoten as the current time instant and assume an
agei customer is in service, that ig,, =i, thena;
equals the probability that this customer leaves the
system (which happens with a probability, notice
that y, = 1 since there can never be a customer with
an age larger thanin the queue) and there will be a
customer of age—! in service attimex+1. Therefore,
every customer who arrived at some timei +k, with

0 < k<, should reach his critical age no later than
time n (this occurs with probabilitﬂizl(l —Xi—i)),

and finally, with probabilityx; ;1 there is an arrival

at timen — i + [ + 1 of a customer whose patience
is at least — [ time units. A similar argument can be
given with relation to the expression fbf, 1, the only
difference being thak; ;1 corresponds to a transition

to an idle queue and hence no customer will be served

at time instantz + 1.

Lemma 1.

kmax kmax k=1
[la-w=1-> z [] @-zw,
k=kmin k=kmin m=kmin

for 1 <kmin <kmax-

Proof. The statement follows by induction diax.
O

Theorem 1. The steady-state probabilities of the
Markov chain (A,), > under consideration are

given by
1
o= —,
°= N
1= 1-w | x
L , 2
K N(ll:[l 1—xp1) 1—xi1 @)

for i=1....rand with N =1+ Y7 (T3
(1= /(2 = 5] ) x0/(L = xi-).

Proof. Clearly, = = (mg, 1, ..., ;) iS a stochastic
vector, therefore, it suffices to verify whetheris an
invariant vector ofP. By making use of Eqgs. (1) and
(2) in the first balance equation); _y7;b;+1=mo and

by eliminating the common factors in the numerator
and denominator we have

r i—1
A—x0)+ Y xoy [[A—w)
i=1 k=1

r i—1

=ley vi[[a-w=1,
i=1 k=1

which is proven by applying Lemma 1 withyin =
1, kmax=r andz; = y¢, because, = 1. Inserting the
expressions fobg, af andm; into the second balance
equationmobo + >_i_;mal = w1 allows us to rewrite
this as

r xgyi i—1
1—
xo-i-; T l[[l( )

r i—1
X0
= e n[la-w=1
0 i=1 k=1

Finally, the (s + 1th balance equation) ;_ .,
mal_,,, =7, for 1<s<r, is given by

s—1
i—[ 1— .
T-x1)7°

k=1

N Xr: xoxs—1yi [ 12X — i)
P [Tici(X—xx—1)

>=TEXN.
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By the definition ofr; we have

xoxs—1[[}Z1(1 — o)
[Tecr (1 — xk—1)

r i

-1
X (Z vi [[a- yk)) =ngN

i=s k=:

& (1— x5_1)ms + X517 = Ty,

(1—2xs-1)7gN +

due to Lemma 1 witkmin = s, kmax=r andz; = y,
asy, =1.

Having determined the steady-state probabilities of
the Markov chain(A,), - o, we can easily find an ex-
pression for the rejection probability; that a cus-
tomer leaves the system before his service is com-
pleted/startedP; =1—)";_; P[Z=i]. Here,P[Z=i]
is the probability that a customer is completely served
and has a response time (i.e., waiting time + service
time) equal td time units. This probability is given by
P[Z =i]= (p/u)m;, asfmn; is the probability that at
an arbitrary time epoch, an ageustomer leaves the
system after completing service, whités the proba-
bility that an arrival occurs in an arbitrary slot. Using
the stochastic nature of the vectoy it follows that
Py =1— (B/a)(1— mo).

Keeping o and 3 fixed, P; is a function of the
patience distributionX only; as such we refer to it
as P;(X). We will prove that P;(X)< P(Y) if X
is smaller thany in the convex-ordering sense, i.e.,
X <Y [9].As aconsequence, given a mearP; (X)
is minimal for the deterministic distribution with mean
mamong all discrete distributionéon {1, 2, . ..} with
E[X]=m (provided thaimis an integer, otherwis¥
with P[X=|m]]=[m]—m andP[X=[m]]=m— m]
realizes the lowesP; (X)). We start with the follow-
ing lemma.

Lemma 2. If X<, Y, then

i—-1 i—-1
[Ja—xx< [T —x).

k=0 k=0

Prc_)of. Having X <Y means thatZ};%,xk(X)>
it (Y), for all i >1 [9]. Moreover,x;(X) and
x(Y), k>0, are both non-increasing rows. Thus,
the vector (xo(X), ..., x;—1(X)) weakly majorizes
(xo(Y), ..., x;_1(Y)) in the sense of Marshall and
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Olkin [7]. A theorem by Tomi[7, Proposition 4.B.2]
implies thaty "} —og (xi (X)) > Y j—gg (xi(Y)) for any

continuous increasing convex functiog Letting

g(x) = —log(1 — x) proves the lemma. [

Theorem 2. LetX <Y, thenP;(X)< P;(Y), mean-
ing a smaller patience distributiotfin the convex-
ordering sensgachieves a lower probability of aban-
donment in aGeo/Geo/lqueue with impatient cus-
tomers in the system

Proof. Based on Theorem 1 and the expression found
for Py, it is sufficient to show®(X) > @(Y), where
O is defined as

r(X) /i—1
- 1— y(X) Xo(X)
- (ZX) (1 pi—1(X)(L = B xo(X)

TThq (X — xk-1(X))

3 xic1(X)1 =Bt
~ L@ — (X))

where the first equality is obtained by rewritigg —
(X)) as(1— B (1— pr(X))/(1— pr—1(X)) and the
second by observing thap(X) = o. Having X <., Y
yields r(X)<r(Y). Rewrite @(X)<O(Y) by sub-
tracting the first(X) terms of @ (Y) on both sides of
the inequality and by dividing them bgl — )",
As 0< ff <1, it now suffices to show

i=1
r(X)

r(X)

2.

i=1

r(Y)

iilxl'—l(X) > Z lej_l(Y) _
nk:()(l — xx (X)) i=1 Hk:o(l —xx(Y))
Dividing both sides of the equality given in Lemma 1

©)

by Hﬁmiimin(l — zp) results in
k=kmin H;ﬁrﬁ(l B Zm) Hllzrlakxmm(l — Zk)

By combining this equation fQtmin = 1, kmax=r(X)
(andr(Y)), andzx = x,(x)—k (@ndx,(y)—x), with (3)
we find

1 1
> _ ’
O ) LY - ()

and this inequality is valid because of Lemma 2 (notice
1—x(X)=1,fork>r(X)). O
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In the next section we prove that this theorem is given by
also valid for the Geo/Geo/1 queue where impatient
customers become patient when entering the service 7, = -,
facility.
.1 =P
Remark 1. The.formulaPlzl—(ﬁ/u)(l—no_), which = N i (1 — Xee1)
we can be rewritten ag1— P;)/ff=1—mo, is some-
what unexpected as one might get the incorrectimpres-
sion that only successful customers occupy the service
facility. However, the mean service time of successful
customers (arriving with a ratg(1 — Py)) is less than Proof. For 0<i<r, definern;(f, y) asm; with yy,
1/p, while the remaining service capacity is wasted for 1<k <r — 1, replaced by (notice,y, =1 is not
by customers leaving the system prematurely. to be replaced by). Due to the censoring argument
presented above we have thab, ..., 7,) is propor-
tional to(no(f3, y), - .., m- (B, y)). Clearly,7t; =7, (1—
. o - By, fori>r. Hence fori >r, 7; is proportional to
??. The Geo/Geo/l queue with a limited waiting (B, y)(l B =m (B, y)A— B /([ Tiz 11—
time xx)) asx; = 0 for k > r. Using the expression for;

in Eq. (2), we find thatr;, for i >0, is proportional
Consider the same Geo/Geo/1 queue as in Sectiontq (1 — )i~ 1X0/(Hk 1(1 = xx-1)), which proves the

2, but instead of having a limited sojourn time we as- theorem as#o, 71, 72, . . .) is a stochastic vector. (]
sume that the limitation applies to the waiting time.

This implies that once a customer has entered the ser-  For 5 and f fixed, the probability of abandonment
vice facility, he remains there until his service is com- s 3 function of the patience distributiotionly, there-
pleted. We further assume that a customer abandonsfore, we refer to it as; (X).

the system even if he reaches his critical age at the

exact time instant that the server becomes available Thegrem 4. Let X<, .Y: then P;(X)<P;(Y),

X Ccx

to him. LetA be the age of the customer in service mean|ng a smaller pat|ence d|str|but|o(|n the
just prior to timen, where4,, is said to be zero if the  convex- ordering senyechieves a lower probability

SyStem is idle. NOt|Ce, due to the patlent nature of the of abandonment in Seo/Geo/]queue with impatient
customers in the service facility and the unbounded cystomers in the waiting room

geometric service time, the state space of the process

(An)p >0 is infinite and equal$0, 1. 2,... ). Itis eas-  proof. Analogous to Section 2, we can establish the
ily seen that(A,), >o is a Markov chain. Moreover, followmg relation P(X)=1- B/ — 1p(X)).

if we censor this Markov chain on the state space Hence,P;(X)< P;(Y)if ®(X) > ®(Y), which we de-
{0,1,2,...,r} its transition matrix?, is identical to  fine as:

Pif,fori=1,...,r—1, we replace; by f§ in the var- ~ 1

ious expressions of Eq. (1) (recafll,=1). Indeed, the B(X) = Z ’ (1-p) _

probability that an agé& customer leaves the service [Tie1 (1 — xk—1(X))

facility equalsf as opposed tg; as in Section 2 and

the probability that the Markov cha'(n@,,)wo makes This inequality holds due to Lemma 2[]

a transition from some statet k, for k > 0, to a state

fori>0and withN =1+ p et (n(l%_lxo))
k=1+—Xk-1

i €{0,...,r} does not depend updy meaning we Remark 2. Theorem 4 also applies for the Geo/Geo/1
can act as if age customers simply leave the system queue with waiting time-aware customers as the loss
with probability 1 when censoring of®, 1, 2, ..., r}. probability in a GI/GI/1+GI queue is not affected

by the awarenesfl]. Waiting time-aware customers
Theorem 3. The steady-state probabilities of the only enter the waiting room provided that they can be
Markov chain (A,), > under consideration are served without losing patience.
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serves customers in a geometric time. Label the ar- B. Van Houdt is a postdoctoral fellow of the FWO-
riving, impatient customers in order of their arrival Flanders.
starting from 0 and leX be their patience distribu-
tion. We shall refer to the queueing syst&im which
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asSSand the one where customers are only impatient
while waiting asSW
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