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What it is about.

Fast and reliable computation of robustness measures for
e Stability
e Passivity
e Minimality
for (possibly structured) perturbations
{A4,Ap,Ac,Ap}
of a (real or complex) plant

{A,B,C,D}



Link to structured singular vaIuesI

In each of these problems we need to find a paigt C such that some
singular value or eigenvalue of matrices derived from

{A—)\I; A-A B

A— M A-)X B
C C D

IS minimal.

Level set{parameterized by) are sets where singular values or
eigenvalues are larger than the paramegter

This is clearly related to so-called pseudo-spectra



Setting'

Given a minimal system
G\):=C\M —-A)~"'B+D
and a perturbed system
GA(N) := CA(M — AA) " 'Ba + DA

we measure perturbations using

N Ay Ap | | A Ba A
' Ae Ap | Cn Da C

and use th¢Al|2 norm

All matrices can be real or complex




Complex stability radius'

We are looking for the radiug: = infa {||A||2 | Aa is unstable}

We need to find an eigenvalleof A in the unstable regioh or on its
boundaryol™

det(A+Ar—A)=0, Aedl
For the complex case, perturbation theory says
[Aall2 = omin(A — AI)

so we have (cfr pseudospectrum)

rc = min opmin(A—AI) =0, A€l
xeor



Resolvant .

In systems theory we are more familiar with the resolventitsdorm :

G()‘) = ()‘I - A)_17 r(El — )I\Iéaé}f‘ UmaX[G()‘)]




Complex stability radius'

We wanted the radiug-(A) = infpccmx»{||A]|2 | A + A4 is unstable}
We needed to find an eigenvalyef A + A 4 in the unstable regioh or
on its boundaryl™:
det(A4+Ap—A)=0, Aedl
For the complex case, this depended on the transfer function
G\) =\ — A~
and yielded

-1
e = MAX Oimax|G(A)]



Structured stability radius'

If we impose a very simple structure, the problem becomes

rc(A, B,C) := AEi(IjlﬂE}(p{HAHQ : A+ BAC is stablé

DefineG(\) := C(A\ — A)~ 1B then

re (A, B,C) = maxyecor {omax[G(N)]}
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Maximum frequency response'

We thus need a reliable algorithm to findl € OI' = jw or e/*):

max opaxC(e?“T — A)™'B

Amplitude of frequency response H(ej‘*’)

Alternative : gradient search
but too many peaks may cost
a lot and may be trouble-
some



Maximum frequency response'

We thus need a reliable algorithm to findl € OI' = jw or e/*):

max opaxC(e?“T — A)™'B

Amplitude of frequency response H(ej°’)
16 T T T T

l | Alternative : gradient search

but too many peaks may cost
z A /\ a lot and may be trouble-
10+ /\ /\ i
Y V some

| J U V

o , The solution is to look at the
¢ level set




Bisection .
The intersection points,; with the |
¢ level (of all singular values) ar°’f

Imaginary eigenvaluesf a Hamil- |
tonian (or symplectic) matrix

0.5

A —BBYJe | .l

e = e —Ar

0.3

This can be used to do e.g. bisecti oz
Linear convergencé =" o e e e e e

0.1

10° 10t 10
Frequency

Interval midpoint rule is quadratic



Correct intervals and interpolation I

Two dominant singular values
12

The eigenvalue problem also vyiel ol
the derivatives of the singular val
plots

frequency



Correct intervals and interpolation I

The eigenvalue problem also vyiel
the derivatives of the singular val
plots

They yield the info to find each ind
vidual singular value

12

10

Two dominant singular values

frequency
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Midpoint vsinterpolation I

Acceleration techniques yielding superlinear convergenc

midpoint rule fmid=12.76, fint=12.82

/

2 2.2 24 2.6 2.8 3
frequency

Midpoint rule
Choosev, as midpoint of interval
Choose:, as function at that

& =& =0l - &P

Interpolation rule
Chooses, . as maximum of
cubic interpolating polynomial

ot =& =016 =&



Quartic convergence'

Iteration | £ (midp.) Intervals (midp.) ¢ (cubic) Intervals (cubic)
1 0.5224 [0,1.1991] 0.5224 [0,1.1991]
2 0.7980 | [0.1867,0.5995][0.7097,1.0153] 6.5148 [0.7804,0.7994]
3 1.7669 [0.7472,0.8625] 8.4043 | [0.78942,0.78943]
4 5.3027 [0.7762,0.8048] 8.4043 Convergence
5 8.3691 [0.7884,0.7905]
6 8.4043 [0.78942,0.78943]

Complexity results (per iteration):

wj; -

8@/(%} .

Ek

a(2n)?, a ~ 50 (exploit Hamiltonian structure)
bn?, b < n (exploit Hamiltonian structure)
cn?(m +p), c¢ < n (use condensed forms)

Overall complexity isO(n)?




Real stability radius'

re(A,B,C):= inf {||A|l2: A+ BAC is stablé

AeRmXp

DefineG(\) := C(A\ — A)~'B andG := G, + iG; then

g (4, B,C) = supycor {1r[G(\)]}

where

G) ;= Inf P.| := inf
0= B = 80 | e




We use

T :

1

NG

Associated Hamiltonian .

o] | oa —yGi_:T_GO
i)y 1| |G/ G, "lo G
to derive an associatedal Hamiltonian matrix
A 0 aBBT —3BBT
B 0 —~A | -8BBT aBBT
&=\ e BOTC | —AT 0
- pC'C  —aC'C 0 AT

wherea := (1 +~2)/(2v¢),

3= (1-7v%)/(2v)

We can find thgw eigenvalue offf, (£) that correspond to | P, (w)]



L ower envelope I

For eachy, value there is @, plot whose levels we can check with

Ho, (&)
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0

The (solid) curveur(w) we need
to maximize is the lower envelope
of these (dotted) curves

Each one is tangent tor(w) in
one frequencw,

Convergence is quadratic or cubic



Passivity radius'

Let G(\) := C(\I, — A)~'B + D bestrictly passiva.e. stableand
positive real

Re M\i(A) <0, G@w)+|G(Hw)]" =0, Vw e R

Consider the perturbed systern (\) := Ca (M, — Ax) "1 Ba + Da
We wish to find thepassivity radiuof the systenG(\)

pre(G) = igf{HAHg | GA(A) is not passive}.



KYP Iemma'

Passivity (stability and positive realness)
Re \i(A) <0, Ga(jw)+ [Ga(jw)]" =0, VYweR

Iff there exists a Hermitian matri® such that

—AAP — PA% Ba - PC3
Bi —CaP  Da+ D3

~0, P>0

Stability Re A;(A) < 0 iff there exists a Hermitian matri® such that
—AAP —PA%Y =0, P>0

Therefore stability can not be |lo&iefore” positive realness is lost

(It can at one frequency if minimality is also lost)



Positive realnes&a (jw) + |Ga(jw)]* > 0 gets lost as soon as

0 Apn — jwli, BA
det | A%\ + jwl, 0 O
. BA Ca Da+ DR
or as soon as
0 A -
det | H, + F E
A* 0
where
0 A—jwl, B
Hw = A* +]Cd[n 0 O ) E
. B C  D+D*

=0, forsomew € R




We need a closed expression for

min ||Allz : det | Hy, + E E']l =0

The corresponding transfer functionfib(w) := ETH(w) 1E

and one shows that the passivity radius is then

pr(gl (A,B,C, D) =sup_{vc|H(w)|}

where
ve := max{inf Apax(Hy ), inf Apax(—H,)}
v ¥

and

Yntm 0

H,:=T,HT,, T, :=
0 Lnym /Y |
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Associated Hamiltonian .

For eachy, value there is & . plot whose levels we can check with

A—jwl,

B
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The (solid) curve is the lower enve-
lope of the dotted curves and each
one is tangent to it in one frequency

Wo

Convergence Is guadratic or cubic



Real passivity'

An equivalent problem has been formulatédl but only a bound
can be obtained in general

It is still an open problem if this bound is always met for tlesgivity
radius.

This bound can be computed using a level set method invotwng
parameters; and-s

The optimization problem ovey; and~, is simple (quasi-convex)



Minimality I
A system remains controllable unless it is perturbed by theumt
mrc(A, B) := min{||[Aa | Ap]||, (A+A4, B+Ap) is uncontrollable}

For complex perturbations this is non-convex minimizatiar

mrc(A, B) :=1c(A, B) := r)\nig Omin |[A — A\ | B]
=

0, (A-21B]) i [A-21,B])

Re(z)
w

-6 \ \ . . . | .
-25 -2 -15 -1 -0.5 0 0.5 1 1.5 2 25
Im(z)




Bounded derivative.

The slope of the singular value plot is bounded :

|(3’Ui
O\

We have the following

Theorem For anyd > 7(A, B) and
for anyn € [0, 2(0 — 7)] there exist twc
pairs of real numbers, 8 such that

5 € o[A—(a+ Bi)l,B]

b €o|lA— (a+n+Bi)l,B]

0.6

0.4r

0.2

| = |u* I [ O]v] <1

Singular value plot and derivative bounds

T
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Bisection - trisection.

The above theorem yields one of the following boufids

o>1, or T>(0—mn)/2
This yields a bisection (or trisection) algorithm to estiena- (A, B)
within a factor2 at most.

The algorithm is based on the solution of a Sylvester eguatidest
common roots of two eigenvalue problems

The complexity iSO(n°) for the basic algorithm but betwe&hn°) and
O(n%) using sparse techniques

No guaranteed accurate computation unless one can findedola
guasi-convex regions

Can be extended to the estimationgf A, B)



Other uses of levd sets.

e An upper bound foy

e Radius of hyperbolicity and ellipticity of second orderyaobmial
matricesP(\) := \2A+ AB +C

e Radius of definiteness of pencidd3 — A (Crawford number)

Flexible and fast method for problems with a charactemzaiin terms of
eigenvalues or singular values

Depending on frequency and in a quasi-convex way of a fewnpeiiers
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