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Abstract

In this paper, we investigate the complexity
of deciding the satisfiability of XPath 2.0 ex-
pressions, i.e., whether there is an XML docu-
ment for which their result is nonempty. Sev-
eral fragments that allow certain types of ex-
pressions are classified as either in PTIME or
NP-hard to see which type of expression make
this a hard problem. Finally, we establish a
link between XPath expressions and partial
tree descriptions which are studied in compu-
tational linguistics.

1 Introduction

XPath is a simple language for selecting a set of nodes
in an XML tree and as such it is used in many other
XML-related standards such as XSLT, XQuery, XML
Schema, XLink and XPointer. The satisfiability prob-
lem for XPath expressions is relevant for all these ap-
plications because it allows the detection of expressions
that are probably erroneous and query optimizations
that remove expressions that always return an empty
result.

The satisfiability problem is a special case of the
containment problem which has already been studied
quite extensively [1, 12, 13, 16, 17]. However, in these
studies usually only fragments with forward axes are
considered, in which case most expressions are trivially
satisfiable. Therefore, we will consider fragments in
which all axes are allowed, including those that depend
upon document order. We give four small examples of
conflicts that may then occur:

1. self::a/self::b
This path looks for a node that has at the same
time name a and b.

2. child::a/child: :*/parent: :b
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This path requires that the node in the result has
name a and b.

3. /child::*/parent::*/parent: :*
This path looks for a parent of the root node,
which cannot exist.

4. /preceding: :*
This path looks for a node that precedes the root,
but such a node cannot exist since the root is al-
ways the first node in the document order.

The organization of this paper is as follows. The
next section contains the definition of XPath expres-
sions and their semantics. Section 3 introduces the
notion of tree description graph which are a special
case of partial tree descriptions as studied in computa-
tional linguistics. Section 4 discusses the relationship
between these tree description graphs and XPath ex-
pressions. Section 5 introduces a specific string match-
ing problem that will be used in the following sections
to show NP-hardness. Section 6 presents some com-
plexity lowerbounds for certain fragments of XPath
and Section 7 presents some upperbounds. Finally,
Section 8 summarizes and discusses the presented re-
sults.

2 Initial Definitions

We start with the definition of the data model which is
a simplification and abstraction of the full XML data
model [8] and restricts itself to the element nodes. For
this and following definitions we postulate an infinite
set of tag names X.

Definition 2.1 (XML Tree). An XML treeis a tuple
T = (N, 4,7, A\, <) such that (N, <) is a finite directed
graph where N represents the set of element nodes and
< represents the parent-child relationship that defines
a tree with root r, A : N — ¥ is a labeling of the nodes
that gives the tag name of each node and < is a strict
total order! over IV that represents the document order
and defines a pre-order tree-walk, i.e.,

LA strict total order is a binary relation that is irreflexive,
transitive and total.



PTW1 every child is smaller than its parent, i.e., if
ny1 <\ ng then ny < ngy for all ny,ne € N, and

PTW2 if two nodes are siblings then all descendants
of the smaller sibling are smaller than the larger
sibling, i.e., for all two nodes n1,ny € N for which
there is a node n3 € N such that n3 < n; and
ns <Ins it holds that if n; < ns and nq <t ny then
ng4 < No, where < denotes the transitive closure
of <.

In the following we let <™ denote the transitive
closure of <1, and <1* the transitive and reflexive closure
of <1. Next, we define the set of XPath expressions that
we will consider. We will use a syntax in the style of [2]
that abstracts from the official syntax [3] and is more
suitable for formal presentations.

Definition 2.2 (XPath Expression). The set of
XPath expressions is defined by the following abstract
grammar:
Pou= e 1L [« ]|
T2 | P/P|P[P]]
PAP|PUP|P-P

where € represents the empty path or self axis, T and |
represent the parent and child axis, T* and |* represent
the ancestor-or-self and descendant-or-self axis, «- and
—» represent the preceding-sibling and following-sibling
axis, f represents the document root, p; /pa represents
the concatenation of p; and pa, p1[p2] represents a path
p1 with a predicate po and finally N, U and — represent
the set intersection, set union and set difference.

All remaining axes in XPath can be straightfor-
wardly defined in terms of the given axes: (ancestor)
1+ =1/1% (descendant) |* = |/|*, (preceding) « =
1*/«/1*, (following) — = 1*/-/[*. Also boolean
expressions in predicates can be readily simulated:
p1 Ap2 = (p1/1) N (p2/1), p1 V p2 = (p1/1) U (p2/1)
and —p; =1t — (p1/1).

Based on [15] and [7] and similar to [2] we define
the semantics of these expressions as follows:

Definition 2.3 (XPath Semantics). Given an XML
tree T = (N, <,7,\, <) we define the semantics of a
path expression p, [p]Jr € N x N, such that (n,n’) €
[p]r iff one of the following applies: (1) if p = € then
n=mn', (2)if p =1 then n’ <n, (3) if p = | then
n<an/, (4) if p = 7* then n’<*n, (5) if p = |* then
n<*n/, (6) if p = « then n’ < n and there is an n”
such that n” <n and n” <n’, (7) if p = = thenn < n’
and there is an n” such that n” <n and n” < n’, (8)
if p=-thenn =r, (9)if p=1¢ € X then n = n'
and A(n) = ¢, (10) if p = p1/p2 then there is an n”
such that (n,n”) € [p1]r and (n”,n’) € [p2]r, (11)
if p = p1[po] then (n,n’) € [p1]r and there is an n”
such that (n',n”) € [p2]r, (12) if p = p1 N p2 then

(n,n") € [p1]r and (n,n") € [p2]r, (13) if p = p1 U pa
then (n,n’) € [pi]r or (n,n’) € [p2]r, and (14) if
p =p1 — p2 then (n,n’) € [p1]r and (n,n') & [p2]r.

Remark. The tag names steps of the form ¢t € X
behave as if they follow the self axis. This means
that a/b corresponds to the conventional XPath ex-
pression self::a/self::b and not to the expression
child::a/child: :basis the case for the so-called ab-
breviated XPath syntax. Consequently the XPath ex-
pression child::a/ancestor::b can be represented
in our syntax as |[/a/77/b .

Fragments of P are denoted as Py where V is a
subset of {f,[],N,U,—}. In P only expressions that
consist of the axes, ¥ and P/P are allowed. With the

subscripts f, [], N, U and — also expressions of the
form {}, P[P], PN P, PUP and P — P are allowed,
respectively.

Finally, we define what it means for an XPath ex-
pression to be satisfiable.

Definition 2.4 (XPath Satisfiability). An XPath
expression p is called satisfiable if there is an XML tree
T such that [p]r is not empty.

Example 2.1. Given two distinct tag names a and b
in ¥ the following expressions are not satisfiable: a/b,

alt], a/1/1/b, /< and a/|/>/1/b.

3 Tree Description Graphs

Before we discuss the problem of deciding satisfiability
of XPath expressions we consider the same problem for
a related notion called partial tree descriptions which
has been studied in computational linguistics [14, 5,
10, 4]. A partial tree description can be informally
described as a formula in EFO (Existential First Order
Logic) that quantifies over the nodes in the tree and
uses the binary predicates =, <1, <1, <t* and < and
a special constant r (the root). Such formulas can
be used to describe various properties of ordered trees
and also to query such trees. For our purposes we
will consider only formulas that have the conjunction
as their only logical operation and extend them with
unary predicates for each tag name t € 3. This leads
to the notion of tree description graph.

Definition 3.1 (Tree Description Graph). A tree
description graph (TDG) is a tuple D = (V, v,., @) with
V' a finite set of variables, v, a special element in V
that represents the root and ® a set of atoms of the
following forms: t(v1) with ¢ € ¥ denoting that v; is
labelled with ¢, v1 = vg, v1 < v, V1 <* V9, v1 AT Vo,
v1 < vg With vy,ve € V.

Example 3.1. An example of a TDG is D = (V, v,, ®)
with variables V = {v,v1,...,v5} and atoms & =
{vr <* w1, 01 T 2,01 <9F w3, U1 = V4,03 D4, V4 < s,
vy = v5,b(v2),a(vs)}. This tree description graph is



shown in Figure 1 where the = predicate is indicated
with double lines and the < predicate is indicated
with a dotted line.

Figure 1: A tree description graph.

Tree description graphs can be seen as a generaliza-
tion of tree patterns [12] that allows more axes. Like
for XPath expressions we can also define a notion of
satisfiability for TDGs.

Definition 3.2 (TDG Satisfiability). Given a TDG
D = (V,v,, ®) a model for D is atuple M = (T, I) with
an XML tree T' = (N, <,r, A, <) and an interpretation
I:V — N such that I(v,) = r and I makes all atoms
in ® satisfied for T'. A TDG is called satisfiable if there
is a model for it.

The TDG in Figure 1 is not satisfiable because in a
model (T, 1) it would both have to hold that I(v1) =
I(vy) and I(v1) <™ I(vy4), which is not possible.

Similar to [12] we show that when reasoning about
a certain property of patterns we only need to consider
a limited set of models; for deciding satisfiability we
only need to consider models that have the same size
as the TDG.

Lemma 3.1. If a tree description graph D =
(V, vy, @) is satisfiable then there is a model (T, I) for
D with at most |V| nodes in T.

Proof. We show that if for the TDG D = (V,v,, ®)
there is a model My = (Ty,I;) with XML tree Ty =
(N1,<1,71,A1,=<1) and |Ny| > |V| then there is a
model for D with one node less than M;. By induction
upon |Nq| it then follows that the lemma holds.

The smaller model is My = (T3, ;) where T is
constructed as follows. We choose an arbitrary node
n in Nj that is not in the image of Iy, i.e., there is no
v € V such that I;(v) = n. Such a node exists since
|N1| > |V]. We then construct T2 by (1) removing n
from the tree and (2) making the children of n now the
children of the parent of n. Note that n will always
have a parent since the only node that has no parent
is the root and the root is always in the image of I;.
More formally, we define Ty = (Na, <2, 72, A2, <2) such
that (1) Ny = N7 — {n}, (2) <9 = (<|1 n (N2 X NQ)) U
{(n/,n")n' <an An<yn’}, (3) re = r1, (4) Ao =
A1|n, where A1|y, is the restriction of the function A
to the domain N, and (5) <2==<7 N(N3 x N3). Then
it can be shown that 75 is indeed an XML tree and
(T3, 1) is a model for D:

T5 is an XML Tree : By its construction T defines
a finite labelled tree. What remains to be shown is

that < defines a pre-order tree-walk. The condition
PTW1 holds for T5 because if ni <ia no then by the
construction of <5 it follows that ny <1an and sonq <1
ng which implies n1 <2 no. The condition PTW2 also
holds for T3, which can be shown as follows. Assume
that ng <2 n1, ng <z N2, n1 <2 no and ng <2+ ng. By
the construction of 75 it will hold that ny <1 no and
n1 <1} n4. It will also hold for the removed node n that
either (a) ng <1 n <1 n1, or (b) ng <1 n <y ne, or (c)
ng <11 n1 and ng <11 ne. In all cases we can derive that
ng <1 no as follows. In case (a) it holds that in T
the node n was a smaller sibling of ny and therefore
ng <1 n2. In case (b) it holds that in 77 the node
n was a larger sibling of n; and therefore ny <1 n.
By TW1 it also holds that n <; ng, so it follows that
nyg <1 ng. In case (¢) it directly follows by TW2 for
T, that ny <1 no. Summarizing we now know that in
all cases ngy <71 no and since both nodes are in Ny it
follows that n4 <o no.

(To, I1) is a model for D: Because r1 = ry and Ao
and <5 are restrictions of A\; and <7, respectively, to
Ny it follows that I (v,) = ro and I; makes the ¢ atoms
and the < atoms satisfied for T». Because <13 and <}
are equal to restrictions of <if” and <i} to Ny it also
holds for these atoms that I; makes them satisfied for
T5. Finally, because <3 is a superset of the restriction
of <11 to Ny it also holds that I; satisfies the <1 atoms
for T5. O

The previous observation then leads to the following
theorem.

Theorem 3.2. Deciding satisfiability of a tree de-
scription graph is in NP.

Proof. Tt is easy to see that there is a model for a TDG
D = (V,v,, ®) iff there is a model for D’ = (V', v, D)
where V' is the subset of V that is mentioned in ®
plus v.. By Lemma 3.1 it holds that D’ is satisfiable
iff there is a model for D’ with at most |V’| nodes.
If the size of the representation of D’ is n then there
can be no more than 2n variables in V’'. It follows
that D is satisfiable iff there is a model for D with
a representation size of O(n?). It follows that a non-
deterministic algorithm can guess an XML tree T" and
an interpretation I in a polynomial number of steps.
Since it can also be checked in polynomial time that
(T,I) is a model of D’ it follows that there is an NP
algorithm that decides whether there is a model for
D. O

4 TDGs and XPath

Both TDGs and XPath expressions can be used to de-
fine binary relations over the nodes of a given XML
tree. For example, the binary relation defined by the
path expression ([*/a/T/b/1*) N (1T /c/->) is also de-
fined by the TDG in Figure 2 where the begin and end



Figure 2: A TDG representing an XPath expression.

variable are indicated by a bold incoming and leaving
arrow, respectively.

In general the translation of an XPath expression
in the fragment Py [} to a TDG is defined as follows.

Definition 4.1 (Atom Set). Given an XPath ex-
pression p € P4 (], & begin variable v and an end
variable v’ the atom set for p from v to v’, denoted as
D, (p), is defined as follows:

D, (€) {v="1"}
Dy (1) {v <}
®,0(]) {v<v'}
Q,0(1%) = {v' <* v}
Dy (l*) = {v<” v'}
D, (<) v <v,0" qv,0" <0’}
with v" a fresh variable
D, (=) = {v=v, 0" v, <0}
with v” a fresh variable
() = {v' =v}
Dp(t) = {v=0,t0")}

Py (p1/p2) = Py (p1) U Py o (p2)

with v” a fresh variable

Dy (pl [pQ]) = q)v,v/(pl) U @y v (pz)
with v a fresh variable

(I)'U,U’(pl) U (I)’U,U’ (p2)

The correctness of this translation is established by
the following theorem.

(I)U,'U’ (pl N p2) =

Theorem 4.1. Given a path expression p € Py (1
and if V is the set of all variables in @, (p) plus v,
then for every XML tree T and nmodes n,n' in T it
holds that there is a model (T,I) for (V,v,, @y (p))
with I(v) =n and I(v') =n' iff (n,n') € [p]r.

Proof. (Sketch) This can be shown with induction
upon the structure of p and follows straightforwardly
from the given semantics of XPath expressions. O

Whether each TDG can be translated to an equiva-
lent expression in the fragment Py () is still an open
problem.

It follows from this translation that deciding satis-
fiability of path expressions in Py () is in NP.

Theorem 4.2. Deciding satisfiability of path expres-
sions in Py [),n s in NP.

Proof. Satisfiability of the path expression p can be
decided by translating it to the corresponding TDG
and deciding if this is satisfiable. The translation can
be done in PTIME and by Lemma 3.2 we can decide
satisfiability of TDGs in NP. O

5 String Matching Problems

In order to show the hardness of deciding satisfiabil-
ity for certain XPath fragments we will show that the
following string matching problem can be reduced to
these problems.

Definition 5.1 (Bounded Multiple String
Matching Problem). Given a finite set of patterns
A, which are strings over {0,1,x}, is there a string
over {0, 1} whose size is equal to the size of the largest
pattern in A and in which all patterns in A can be
matched with x as a wildcard for one symbol?

In the following we will also refer to this problem
as the BMS problem.

Theorem 5.1. Deciding the BMS problem is NP-
complete.

Proof. Tt is easy to see that such a string can be
guessed and verified in non-deterministic polynomial
time

To prove NP-hardness we show that there is a poly-
nomial reduction from 3SAT [9] to this problem. The
reduction consists of a mapping of a CNF formula to
a set of formulas such that there is a string into which
all these patterns can be matched and that is as large
as the largest pattern iff this string encodes a truth
assignment for the formula.

To demonstrate the principle we will first show how
the formula Y = Cl /\02 with 01 = Xl \/_‘XQ \/X3 and
Cy =XV XV Xy is translated. The encoding of
the truth assignment is illustrated by the first pattern
in Figure 3, which is called apc.

The pattern ap,. will be the longest pattern and
therefore defines the length of the string, in this case 62
characters. It also enforces that the string begins with

101010. The underlined positions marked by X j(-z) are
intended to encode a truth assignment for variable X;
in clause Cy; the pair 10 denotes true and 01 denotes
false.

Because in the chosen encoding every clause has
a separate truth assignment we introduce the pat-
terns aéhxl , a%th, ceey aéhxy a%17X4. These pat-
terns are one character shorter than a,.. and each
pattern ag, x. (ag, x,) contains two 1s (0s); one at

the first position of the pair marked with X j(-l) and the
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)
a,Oc,l X, — skskkokskk kk skk Ok skk kk skk kk kk kk kk kk kk
)
a/lc,l X, = skkkskkk kk skk kk kk kk kk kk kk kk kxk kk ]k
)
aO — skskkoksksk kk skk kok skk kk kk kk kk kk kk kk Ok
C1,X4
1 7 11 17 23 29
(1 (1) (1) (1
X1 ) X5 X3 X4 )
ac, =  DTkskskkk 10 k% kx %k O %ok ok kok 10 Kok ok ok
aCZ = skkkoksk skk kk kk skk skk kk kk kk kk kk kk kk
1 7 13 19 25

31

(2)
X3
¥k kk
k% kk

(2
X
ok
k%

(2
x(?
Kok Kk Kok
1% *kk *x
0% *% %%

k% kX
k% kX

* %
* %

kX% XX
kX% XX

* %
* %

* %

k% k% k% kk kk kX XX XX k%

kk kk kxk kxk kk kk kk kk k*k kx

kk kk kxk kX kX kk kk k) k% XX

34 35 39
x{?
kk k% sk
sk 01 %%

x{?
kk ko
** 10

x{
kk kX
kk kxk

* X%
* %

* X%
* %

34 35 47

Figure 3: A set of patterns for the formula Cy A Cy with C; = X7 V=XV X3 and Cy = X7 V Xo VX,

other at X ;2). Because of their length these patterns
can only be embedded in the string in two ways; start-
ing from the first or from the second position in the
string. It is then easy to see that the patterns a})h X,

and a%h x, enforce that the positions marked by X fl)

and X§2) contain either both 10 or both 01. If we in-
troduce such a pattern for each variable then we can
ensure that all truth assignment for all clauses are the
same.

Finally, we introduce the patterns ac, and ac, to
ensure that the clauses C; and Cs, respectively, are
satisfied. First note that these patterns start with 1
and their length is 4 less than the string. Since apr.
enforces that the string starts with 101010 it follows
that these patterns can only be matched in three ways;
starting from the first, third or fifth position. The
construction of ac, is now as follows. For each variable
X there is a region of six characters underlined and

marked with X ;1). In this region we set the kth pair
to 10 if the variable appears in the kth position in the
clause, and to 01 if the negation of the variable appears
at that position. So for the clause C; = X7 V-XsV X3
the first pair of X;’s region is set to 10, the second pair
in X5’s region is set to 01 and the third pair in X3’s
regions is set to 10.

Now consider what happens with each way that this
pattern can be matched in the string.

1. If it is matched from the first position in the string
then the pair 10 at positions [23,24] is mapped to
the same positions in the string which are marked
as Xél) in apre, and all other 10 and 01 pairs are
mapped to unmarked positions

If the pattern ac, is matched from the third po-
sition then the pair 01 at positions [15,16] is
mapped to the positions [17,18] in the string
which are marked as X2(1) in apre, and all other 10
and 01 pairs are mapped to unmarked positions.

Finally, if the pattern ac, is matched from the
fifth position then the pair 10 at positions [7,8]

is mapped to the positions [11,12] in the string

which are marked as X fl) in apre, and all other 10
and 01 pairs are mapped to unmarked positions.

Summarizing, if the pattern matches then the encoded
truth assignment for Xl(l), o ,Xil) will make at least
one literal in the clause Cp true. In a similar fashion
the pattern ac, ensures that the encoded truth assign-
ment for X1(2), ce f)
in Cy true.

We can now summarize the meaning of the pat-
terns in Figure 3 as follows. The pattern a,.. defines
a preamble and the lengt of the string such that there
is room for a separate truth assignment for each clause.
The patterns aéle , a%th, .. ,alch)Q, a%h& ensure
that all the truth assignments for the different clauses
are in fact the same truth assignment. Finally, the pat-
terns ac, and ac, ensure that the truth assignment for
C1 makes (' satisfied and the truth assignment for Co
makes C5 satisfied. It then follows that a string of
the same length as a,,. into which all these patterns
match, defines a truth assignment that makes ¢ satis-
fied.

On the other hand, if there is a truth assignment
that makes ¢ satisfied then we can construct a string
of the same length as ay.. such that all patterns
match into this string as follows. As required by
apre We let the string start with 101010 and we en-
code the truth assignment in the string in the posi-
tions that are marked for a,... Since we assign the
same truth assignment for all clauses the patterns
aby x, Gy Xy > 08, x40 00, x, Will all match. Fi-
nally we can make sure that ac, and ac, match into
the string by choosing for each clause one literal that
is made true by the assignment and mapping it to the
position in a,.. that is marked for that literal. Since
all other 10 and 01 in the pattern will then be mapped
to unmarked positions it follows that we can dan fill
these positions in the string such that the pattern in-
deed matches. For example, if the truth assignment
maps Xo to false then we might map ac, into the
string such that the positions [15,16] are mapped to

will make at least one literal



[17,18] in the string, and therefore positions [7,8] and
[23,24] are mapped to [9,10] and [25,26], respectively,
and therefore these positions in the string should con-
tain the pairs at [7,8] and [23,24] in a¢,, i.e., in both
cases 10.

Summarizing, we have shown that the BSM prob-
lem defined by the patterns in Figure 3 is satisfiable
iff the formula ¢ is satisfiable. This concludes the ex-
ample and we will now proceed with a description of
the reduction in general.

Let us consider a formula ¢ = C; A ... A Cp, with
Ci = li71 \/li72 \/li73 with li,k = Xj or li,k = _‘X]‘ where
X1,...,X, are the variables in ¢.

The first pattern defines the preamble and the
length of the string:

apre = 101010 x(4F6mm
Note that the total length of this pattern is 6 + (4 +
6n)m and that the assignment of variable X for clause
C; can be found in the pair that starts at position
T+ (4+6n)(i—1)+4+6(j — 1) in the string.

We then proceed with constructing the patterns
that ensure that the truth assignment for variable X;
in C; is equal to that in Cjyq:

1 —
e, x;, = CREkkk

L(4+6n)(i-1)
AFOG—1) 1, (346m) 1, (6n-2)~6(i—1)
>|<(4-1—671)(7n—i—1)

k sk sk ok oskek

*(4+6n)(i—1)
LAH6(G1) 0 (BH6m) 0 (6n—2)~6(j 1)
L (4+6n)(m—i—1)

0 —
ac-;,Xj -

Because the length of these two patterns is 6 + (4 +
6n)m — 1 there are only two ways in which it can be
matched with a string of length 6 + (4 + 6n)m.

Finally we define the patterns that ensure that the
encoded truth assignment make a certain clause satis-
fied. For this purpose we define a[C;, X;] as equal to
**kxxk except that the kth pair is equal 10 if [; ,, = X
and equal to 01 if /; , = =X;. We then construct the
patterns that ensure that the clause C; is made satis-
fied by the truth assignment for C; as follows.

1 %k % ok ko
4 (446n)(i—1)

a[Ci,Xl] ce a[Ci,Xn]
4+46n)(m—1)

ac;, =

N

Note that ac, is padded with *s to a length of 2+ (4 +
6n)m to ensure that it can only be matched to the 1st,
3rd and Hth position in the string that has the length
of apre and into which a,,. matches.

The total set of patterns for ¢ is now defined as

Ay = Afapre}U

0 1 . .
{ac, x,,a0,x, |1 <i<m,1<j<n}uU
fac, |1< i <m}
It can be shown that all the patterns in A, are
bounded polynomially in n and m:

lapre]l = 6+ (44 6n)m
|al};i,Xj| = 6+(4+6n)m-—1
lac,| = 24 (44 6n)m

It follows that they are polynomially bounded by the
size of ¢ and because there are 1+ 2(m — 1)n + m
patterns in A, it also holds that the representation
of this set is bounded polynomially in the size of .
Consequently it is easy to see that A, can be generated
from ¢ in polynomial time.

What remains to be shown is that A, is satisfiable
iff ¢ is satisfiable.

It is easy to see that if a string x satisfies A, then
we can read a truth assignment that satisfies from the
position for the truth assignment for X; in any Cj.
Because of the a%i, x, batterns these assignment will
be the same for any clause C; and because of the ac,
patterns all clauses in ¢ will be satisfied.

If there is a truth assignment that satisfies ¢ then
we can construct z as follows. We start the string
with 101010 and fill in « the positions for X; for each
clause C; as prescribed by . This ensures that the apy.
pattern and the a%h x, batterns are satisfied. Next,
we pick in each clause one of the three literals that
is satisfied by the truth assignment and map the ac,
patterns accordingly to x and set the 1s and Os that
are required by them. Finally, the remaining positions
in x can be filled with arbitrary 1s and Os. O

6 Lower-Bound Results

We now proceed with discussing the hardness of de-
ciding satisfiability of fragments of XPath. The first
hardness result concerns Pp, i.e., the fragment that
allows only expressions that consist of the axes and
expressions of the form ¥, P/P and PN P.

Theorem 6.1. Deciding satisfiability of path expres-
stons in Pn is NP-hard.

Proof. We show that the BMS problem can be reduced
to this problem. We assume that the set of patterns
is {ag, . ..,a,} and that ag is the longest pattern. The
pattern ag is translated to a path py by translating a 0
to l/a,1to |/band « to just |. For example, “*¥0*0*1”
is translated to |/]/a/l/l/a/l/l/b. The other pat-
terns a; are translated to p; in the same way but with
an extra |* step before and after it. So, for example,



“10” is translated to |*/]/b/|/a/]*. Finally we take
the intersection of all these paths: poNp1 N...N py.

It is easy to see that if there is an XML tree T and a
pair (n,n’) in the semantics of this path under 7" then
labels of the nodes in the path from n to n’ represent
a string into which all patterns match if we replace a
and b with 1 and 0, respectively.

Conversely, if there is a string into which all pattern
can be matched then we can construct an XML tree
that consists of a simple path that is labelled with
the labels that correspond with the characters in the
string, for which the semantics of the path expression
will contain at least (n,n') with n and n’ the begin
and end node of this path, respectively. O

Remark. In the proof we only need the forward axes |
and |* and the ordering of the trees is not used.

Theorem 6.2. Deciding satisfiability of tree descrip-
tion graphs is NP-hard.

Proof. This follows from the straightforward transla-
tion of path expressions in Py [~ as given in Defini-
tion 4.1 and Theorem 6.1. O

Theorem 6.3. Deciding satisfiability of path expres-
sions in P—_ is NP-hard.

Proof. This proof proceeds similar to the one of Theo-
rem 6.1 except that the path poNp; N...Np, is simu-

lated with po— (po—p1) —(Po—p2)—...—(Po—pr). O

Theorem 6.4. Deciding satisfiability of path expres-
sions in P[,u is NP-hard.

Proof. We show this by reducing the problem SAT [9].
We construct for every CNF formula ¢ = C; A ... A
Cp, a path p, as follows. Let the variables in ¢ be
Xq,...,X,. For every literal | we define a path p;
such that px, is a path of n + 1 steps of the form T
except step ¢ + 1 which is of the form a, and p-x, is
the same except that step i + 1 is of the form b. For
example, for n = 3:

bPx, = T/T/a/T
P-X, T/1/1/b

A clause [ V...V [, is straightforwardly mapped to
pi, U...Up,. For example px,v-x, is

(1/1/a/T) U (1/1/1/0)

Finally, the formula C; A ... A (), is mapped to
elpc] - pc,.]-

It is easy to see that p, is satisfiable iff ¢ is satis-
fiable. Moreover, if k is the length of ¢ then m < k,
n < k and k will also be the upper-bound for the num-
ber of literals per clause, and therefore the size of p,
will be in O(k3). O

Theorem 6.5. Deciding satisfiability for Py [y is NP-
hard.

Proof. Similar to the proof of Theorem 6.1 we show
that the BMS problem can be reduced to this prob-
lem. We assume that the set of patterns is {ao, ..., an}
and that ap is the longest pattern. The pattern
ap is translated to a path pg by starting with a {
followed by translating a 0 to |/a, 1 to |/b and
* to just |. For example, “*0*0*1” is translated
to /1/1/a/l/1/a/l/]l/b. The other patterns a; are
translated to p; in a similar fashion but here we start
with T* and then translate the pattern in reverse and
with the T axis in stead of the | axis. For exam-
ple, “11*0” is translated to 1*/1/b/1/1/a/1/a. Fi-
nally we construct from these paths the following path:
polp1]lp2] - - - [pn]-

As in the proof in Theorem 6.1 it holds for this path
expression that if there is a pair in its semantics for
a certain XML tree then the labels of the nodes in
the path between those nodes corresponds to a string
that satisfies the original BSM problem. Conversely, if
there is a string that satisfies the BSM problem then a
path that is labelled correspondingly and starts from
the root will constitute an XML tree that satisfies the
path expression. O

Remark. Unlike the proof of Theorem 6.1 this one re-
quires forward axes (|) and backward axes (1* and 1),
but still does not use axes based on document order.

7 Upper-Bound Results

In this section we discuss some upper-bounds for
XPath fragments. For the very large fragment
Py 11,n,u that allows everything except the set differ-
ence, it can be shown that deciding satisfiability is in
NP.

Theorem 7.1. Deciding satisfiability of path expres-
sions in Py [],n,u 18 in NP.

Proof. The algorithm starts with guessing non-
deterministically for every subexpression of the form
p1 U po if it replaces it with just p; or ps and for the
resulting P4 [, expression it decides with the algo-
rithm of Theorem 4.2 if the resulting P expression is
satisfiable. O

Remark. At the moment we don’t have an upper
bound for P_ and it is not even known if it decidable.

Theorem 7.2. Deciding satisfiability for Pp is in
PTIME.

Proof. (Sketch) We start with using Definition 4.1 to
transform the path expression to a TDG. The result
will be essentially a tree except for small cycles of three
nodes to simulate the —» and « axes.

We then apply the following rules to this graph until
they can be applied no more:



1. If there is an atom v; = v; then it is removed and
all occurrences of v; are replaced by v;, i.e., the
nodes v; and v; are merged.

2. If there are two distinct atoms v; <v; and vg, <Qv;
then all occurrences of v; are replaced by v, i.e.,
the nodes v; and v are merged.

This can create more cycles but it will always hold
for each undirected cycle, i.e., a cycle that ignores the
direction of the edges, that (pl) it contains only <1 and
< edges and (p2) is not a directed cycle, because these
properties hold for the initial TDG and are preserved
by the rules. Another property for which this holds is
that (p3) if there is an < edge between two nodes then
there are two < edges that define a common parent.
Because the rules are applied exhaustively it will also
hold in the result that (p4) there are no two distinct
atoms v; and vy, for which there is a node v; such that
v; <v; and vg < ;.

Finally, we check if there is a conflict, i.e., there
are two atoms a(v;) and b(v;) with a # b. If so then
this TDG is not satisfiable and because all the applied
rules maintain satisfiability also the original TDG and
consequently also the original path expression is not
satisfiable.

If there is no such conflict then we can construct
a satisfying XML tree from the obtained TDG as fol-
lows. We divide the variables into clusters which are
maximal sets of variables that are directly or indirectly
connected by <1 atoms. Note that because of prop-
erties p2 and p4 the < atoms define a tree over the
variables in each cluster and because of p2 and p3 it
is possible to complete the < relationship for this tree
to a strict total order that satisfies PTW1 and PTW2.
Moreover, because of the properties pl and p3 there
can only be <1* and <17 edges between variables in
different clusters and these edges will never define di-
rected or undirected cycles over these clusters. There-
fore we can sort the clusters topologically and connect
the trees for each cluster by considering each cluster
and its immediate successor in the topological sort (if
there is one) and if there is an <* or <™ edge from
v; in the first cluster to v; in the second cluster then
we add an < edge from v; to the root of v;s cluster,
if there is not an <* or 1™ edge between the clusters
then we add an < edge between an arbitrary node in
the first clusters with the root of the second cluster.

Finally, we have to complete the < relationship,
which was already completed for each cluster, for the
complete tree. Since there are only <<t and <1* edges
between the clusters and these define a tree over these
clusters, it follows that we can complete the < rela-
tionship to a strict total order over all the nodes that
satisfies PTW1 and PTW2. O

Theorem 7.3. Deciding satisfiability for Py is in
PTIME.

Proof. (Sketch) This proof proceeds similar to the
proof of Theorem 7.2, but now we also merge v; and v,
if there is an atom v; <t* v,.. Furthermore we also check
for conflicts in the form of atoms v; < v,, v; < v, and
v; <7 v,.. Finally, we attempt to construct a satisfying
XML tree in the same way except when there is an <*
or <1t edge that arrives in the cluster that contains
the root variable v,.. Note that if we follow the proce-
dure of the previous proof then this root node would
become the child of another node, which is not allowed
in an XML tree. Therefore we do here the following.
Let the atom in question be v; <% v; or v; <* v;. Then
we attempt to merge v; and its ancestors (as defined
by the < atoms) with an ancestor of v; and its an-
cestors. If this is possible without a conflict between
their tag names and without introducing a parent of
the root then we merge them such that v; is merged
with the lowest possible ancestor of v; in its cluster.
This is repeated until the cluster with v,- has no more
incoming <* and <" edges.

If by then we still have not found a conflict then we
can proceed to construct the satisfying XML tree as
in the previous proof by making sure that the cluster
with v, becomes the smallest cluster. If we do find a
conflict then it is not possible to avoid it by merging v;
with a higher ancestor because that would only limit
the possibilities more for subsequent merges. This is
because it holds that the cluster with v, has always
just one incoming <1* or <* edge unless the original
path expression used 1} in other places then the begin-
ning of the path. However, in the latter case we can
decide satisfiability by splitting the path at the inter-
mediate {} step and deciding it separately for the two
resulting path expressions. O

8 Summary and Discussion

For tree description graphs the problem of deciding
satisfiability was shown to be NP complete. This result
is similar to that in [10] except that they require atoms
of the form vy : f(v1,...,v,) that specify that vy is
labelled with f and whose set of children is exactly
{v1,...,v,}. Our result shows that even with only
unary atoms (n = 1) the problem is already NP hard.

For fragments of XPath the complexity results are
given by the following table.

[ ] [J]U]n] -] Complexity |
° PTIME
. PTIME
° NP-complete
o | o NP-complete

NP-complete
NP-complete
° NP-hard

Remaining open problems are finding a better lower
bound and an upper bound for P_ and classifying the
fragments Py and Py u.



Another open problem is the relationship between
Py.11,n and tree description graphs. As was shown by
Theorem 4.1 every path expression in this fragment
can be translated to an equivalent TDG, but whether
the converse holds is still unknown.

Finally, given the research that has been done on
the containment problem for XPath expressions given
a DTD [6, 13, 17] which limits itself mainly to XPath
fragment with forward axes, and the results in this pa-
per that seem to indicate that the satisfiability prob-
lem is sometimes simpeler, even if also reverse axes
are allowed, it will be interesting to see what the com-
plexity of the satisfiability problem is in the context
of DTDs. Although some algorithms have been sug-
gested such as in [11] this is still largely unknown.
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